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Abstract
We consider the memory effect in even dimensional spacetimes of dimension
d ≥ 4 arising from a burst of gravitational radiation. When d = 4, the natural
frames in the stationary eras before and after the burst differ by the composition of
a boost and supertranslation, and this supertranslation characterizes the “memory
effect,” i.e., the permanent displacement of test particles near infinity produced by
the radiation burst. However, we show that when d > 4, this supertranslation and
the corresponding memory effect vanish. Consequently, when d > 4, it is natural to
impose stronger asymptotic conditions at null infinity that reduce the asymptotic
symmetry group to the Poincare group. Conversely, when d = 4, the asymptotic
symmetry group at null infinity must be taken to be the BMS group.
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1 Introduction
Asymptotically flat spacetimes in general relativity are intended to represent “isolated
systems,” i.e., systems far removed from the influence of other bodies. In order to give
a precise definition of asymptotic flatness, one must specify the precise rate at which the
metric approaches a Minkowski metric at asymptotically large distances. There is no algo-
rithm for doing this—i.e., reasonable people may disagree on the precise fall-off conditions
that may be used in the definition—but there are two guiding principles that must be
respected: (I) The fall-off conditions must not so strong that they exclude the existence
of phenomena that could otherwise occur in the deep interior of the spacetime. (II) The
fall-off conditions should be sufficiently strong that useful notions that characterize the
system, such as total mass and radiated energy flux, are well defined.
Asymptotic flatness conditions have been considered at both spatial infinity (i.e.,
asymptotically large distances on a Cauchy surface) and null infinity (i.e., asymptoti-
cally large distances along null geodesics). The situation at spatial infinity is relatively
straightforward in that one need only specify asymptotic conditions on the initial data,
since the initial data determines a solution. The positive mass theorem establishes that
guiding principle (I) will be violated if one attempts to impose fall off conditions that
are so strong as to imply vanishing mass (e.g., fall off faster than 1/rd−3 in d spacetime
dimensions). On the other hand, the Corvino-Schoen gluing theorems [1] (see also [2]) es-
tablish that guiding principle (II) will hold even if one requires that the initial data agrees
exactly with Kerr/Myers-Perry in a neighborhood of infinity1. Thus, there is ample room
for defining asymptotic conditions compatible with both (I) and (II), and the precise
choice is largely a matter of taste and convenience. It should be noted that, in general, if
the choice of asymptotic fall off conditions is made weaker, then the group of asymptotic
symmetries (i.e., the diffeomorphisms that preserve these asymptotic conditions) is made
larger. For sufficiently strong fall off conditions at spatial infinity compatible with (I) and
(II), the group of asymptotic symmetries will be the Poincare group, whereas for weaker
choices one can get enlargements of the Poincare group. In view of the Corvino-Schoen
gluing theorems, there is no essential reason not to impose sufficiently strong asymptotic
conditions to reduce the group of asymptotic symmetries at spatial infinity to the Poincare
group. This conclusion holds in all spacetime dimensions.
The situation at null infinity is considerably less straightforward. The main difficulty
here is that one is not really free to specify asymptotic conditions at null infinity; rather
one must accept whatever one will get from evolving nonsingular, asymptotically flat
1The gluing theorem presented in [1] explicitly only treats the case d = 4. However, the prerequisite
weighted Sobolev inequalities also work in d > 4 [2], see also appendix D of [3]. It is then evident from
the construction [1] that the gluing theorem continuesthe to hold also in d > 4 provided one has a family
of stationary, asymptotically flat metrics whose conserved ADM-quantities exhaust all possible values
compatible with the positive mass theorem. Such a family is provided by the Myers-Perry solutions if we
also apply an arbitrary asymptotic boost to these metrics [4].
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initial data on a Cauchy surface (for some suitable notion of asymptotically flat initial
data). Thus, in particular, if weak cosmic censorship is false, one would violate guiding
principle (I) merely by requiring nonsingular behavior at null infinity. Nevertheless, one
can obtain insights into the expected behavior at null infinity from general theorems that
hold with small data [5, 6] as well as from linearized perturbation theory about general
solutions [7, 8]. These results support the validity2 of the asymptotic conditions originally
proposed by Bondi et al [9] and elegantly reformulated in terms of conformal null infinity,
I , by Penrose [10]. In section 2 below, we will review this formulation of asymptotic
conditions at null infinity in all even dimensional spacetimes3.
As is well known and as we shall review in section 2, with the above notion of asymp-
totic flatness at null infinity, the asymptotic symmetry group at null infinity is an en-
largement of the Poincare group known as the BMS group [9]. The BMS group contains
an infinite dimensional commutative normal subgroup of “supertranslations.” It is natu-
ral to ask whether this enlargement of the Poincare group is essential or—as is the case
with spatial infinity—one could impose stronger asymptotic conditions without violating
guiding principle (I) that would reduce the group of asymptotic symmetries at null in-
finity to the Poincare group. In this paper, we shall argue that the enlargement of the
group of asymptotic symmetries to the BMS group is essential in 4-spacetime dimensions,
but in higher even-dimensional spacetimes, stronger asymptotic conditions can naturally
be imposed at null infinity that reduce the asymptotic symmetry group to the Poincare
group. The reason for this difference is the presence of a “memory effect” in 4 dimensions
and—as we shall prove here—its absence in higher even-dimensional spacetimes.
The memory effect is the permanent displacement of an arrangement of freely floating
test masses, initially at rest, that is produced by the passage of a burst of gravitational
radiation. Here we are concerned only with the displacement occurring at the same 1/r
order from the source as the usual oscillating displacements caused by gravitational radia-
tion4. It was first discovered in [15, 16, 17] in the context post-Newtonian approximations
to full general relativity. Later, Christodoulou [18] showed that there is also a contribu-
tion to memory arising from gravitational energy fluxes. The relationship between these
considerations was clarified in [19, 20], and more recently [21, 22]. For a recent review
with many more references, see [23].
In this paper, we shall show that the memory effect is unique to general relativity in
four spacetime dimensions, i.e., we shall show that there is no memory effect in higher
2One can argue about the precise smoothness conditions that should be imposed at null infinity. These
are related to the precise choice of asymptotic conditions at spatial infinity and, in our view, are largely
a matter of taste and convenience.
3In odd dimensions, one has the well-known difficulties in defining I [11], so the analysis used in this
paper does not apply. See also [12, 13] for a different approach.
4There are also lower order in 1/r contributions to memory discussed in detail e.g. in [14]. In
particular, there is at lower order the usual acceleration that one even has in static spacetimes such as
Schwarzschild.
even dimensions d > 4 at the leading 1/r order where gravitational radiation causes
test masses to accelerate. More precisely, we consider a spacetime satisfying the vacuum
Einstein equations near null infinity that is stationary before some advanced time u0 and
then again after some later advanced time5 u1. We establish that during the radiation
epoch u0 < u < u1, the time dependent metric components appear at order r
−d/2+1 (the
precise statement refers to a geometrically constructed coordinate system explained in the
body of this paper). On the other hand, the differences between the metric components
before and after the radiation epochs are shown to appear at order r−d+3. Precisely in
d = 4, these orders are the same. But in higher dimensions, d/2 − 1 < d − 3, so the
leading non-trivial metric components return to their original values after the radiation
epoch. It follows that there is no memory effect in higher dimensions.
Our analysis also illuminates further the connection between the memory effect and
BMS supertranslations, discussed first in [25]. The supertranslations are generated by
vector fields of the form X = T (z)∂/∂u+ lower order terms, where T is a function of
the angular variables z ∈ Sd−2. Our analysis shows that the metrics before and after the
radiation epochs are related by an asymptotic boost together with such a BMS super-
translation, i.e., we can bring the metrics before and after the radiation epochs into a
reference rest frame by a combination of a boost and a BMS supertranslation. The boost
going from the frame before to that after the radiation epoch is directly related to the
change in Bondi 4-momentum (EB,PB). In d = 4 dimensions, we shall show in Prop. 8
below that the supertranslation relating the initial and final metrics is given by
T (z) =2(EB −PB · z) log(EB −PB · z)
∣∣∣∣
u1
u0
− 16π
∞∑
l=2
1∏4
s=1(l − 2 + s)
F (l)i1...ilzi1 · · · zil ,
(1)
where F(z) (see (65)) is the flux of gravitational radiation per angle z ∈ S2 – identified
on the right side with a unit vector z ∈ R3 – and where F (l)i1...il are its l-th multi-pole
moments (72). This formula, which generalizes eq. (3.7) of [25], again relates the super-
translation parameter to physically observable quantities in d = 4, namely the flux and
the Bondi energy-momenta. As previously found by [25], when d = 4 this supertranslation
5If we restrict consideration to spacetimes that are stationary for u < u0—as can be arranged by
a choice of initial data, as discussed above—then one cannot expect the spacetime to become exactly
stationary for u > u1, i.e., we should consider a limit as u1 → ∞. Furthermore, it should be noted
if one considers a scattering process wherein one has particle-like matter sources that are incoming
from infinity and/or outgoing to infinity at asymptotically early/late times, the spacetime will not be
sufficiently stationary near future null infinity at early and late times for the analysis of this paper to
apply. However, in a companion paper [24], we will analyze such scattering processes in the linearized
approximation and show that our results on the absence of memory when d > 4 continue to apply.
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is related to the “displacement tensor” appearing in the memory effect by
∆A
B = −(DADBT − 1
2
δA
BDCDCT ) , (2)
where A,B, . . . are tensor indices referring to the angular coordinates. However, in d > 4,
the frames before and after the radiation epochs are only boosted—not supertranslated—
relative to each other. As we shall show in this paper, we have T (z) = 0 and ∆A
B = 0
when d > 4.
The presence of a memory effect in d = 4 shows that if we wish to treat frames at early
and late time stationary eras on an equal footing, then we must allow supertranslations as
asymptotic symmetries, and we cannot impose stronger asymptotic conditions at I that
would reduce the asymptotic symmetry group to a group smaller than the BMS group.
Conversely, the absence of a memory effect in d > 4 suggests that for d > 4 there is no
need to allow supertranslations as asymptotic symmetries, and the asymptotic symmetry
group at null infinity can be taken to be the Poincare group. This argument may be made
more precise as follows.
In d dimensions, the time dependent metric components encoding radiation start at
order rd/2−1. In addition, there can be a non-trivial time-independent part that comes
in at order r−1. In d > 4, we may apply a BMS supertranslation to impose, as a gauge
condition, the absence of this r−1 part. In particular, if this r−1 part is removed in one
stationary epoch, then it is also removed in any other. With this gauge condition imposed,
the group of allowed asymptotic symmetries is just the Poincare group. By contrast, in
d = 4, this is not possible, since imposition of such a condition would remove all radiating
solutions.
Of course, one still would be free to not impose such stronger gauge conditions when
d > 4 and thereby allow supertranslations as asymptotic symmetries in d > 4, as has
been suggested in [26]. However, there would appear to be little advantage in doing so. In
particular, when d > 4, the symplectic flux through I associated with supertranslations
diverges [8]. This implies that one cannot define, at least in as far as we can see, a
Hamiltonian generator conjugate to a supertranslation in higher dimensions. Thus, even
if one were to allow supertranslations, there appears to be no reasonable notion of the
“charge” or “flux” associated with a supertranslation when d > 4.
In section 2, we review the notion of asymptotic flatness at null infinity and the
notion of asymptotic BMS symmetries that it gives rise to. In section 3, we consider the
asymptotic form of the metric near null infinity in the case of a stationary spacetime.
The asymptotic form of a non-stationary metric near null infinity is then obtained in
section 4. The relationship between the form of the metric before and after a burst of
gravitational radiation is analyzed in section 5. In d = 4, this difference is characterized by
an asymptotic boost and a supertranslation, but for d > 4, the supertranslation vanishes.
We show that the memory effect is directly related to the supertranslation characterizing
the difference between the metric before and after the radiation burst. Thus, the memory
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effect vanishes when d > 4. Our reasons for concluding that the asymptotic symmetry
group at null infinity should be taken to be the Poincare group when d > 4 are summarized
in section 6.
In a companion paper [24], we will analyze the memory effect in linearized gravity off
of Minkowski spacetime for point particles undergoing a local interaction. We will show
there by explicit calculation that the memory effect vanishes when d > 4.
Our conventions and notations for the signature, Riemann curvature tensor etc. are
the same as in [27]. d is the dimension of the spacetime M . Bold face letters such as
PB or z refer to vectors in R
d−1, and the standard inner product between such vectors is
denoted by a dot. Our units are such that GN = 1.
2 Asymptotic Flatness and Asymptotic Symmetries
at Null Infinity
An even dimensional (d ≥ 4) spacetime (M , g) is said to be asymptotically flat at null
infinity if the following conditions are satisfied:
(i) There exists a function Ω such that g˜ = Ω2g can be smoothly extended to an
“unphysical” spacetime M˜ with boundary ∂M˜ ⊃ I + ∪ I − and I ± ∼= Σ × R,
where Σ is a compact (d− 2) dimensional manifold.
(ii) n˜ = gradg˜Ω is a null vector field on I
+ relative to g˜, and on I ±, there holds
dΩ 6= 0.
(iii) The vacuum Einstein equations Ricg = 0 hold for g in an open neighborhood of
I +.
For a more detailed discussion, see [28] or chapt. 11 of [27]. A characterization of
precisely which initial data sets yield a time evolved metric that will satisfy these asymp-
totic conditions is an extremely difficult dynamical problem. As already mentioned in the
Introduction, a good indication supporting the asymptotic flatness conditions is that they
are preserved by smooth linear perturbations that have compact support in the interior
of a Cauchy surface, see [7] for d = 4 and [8] in d > 4. Semi-global results (evolving data
backwards from I +) in the non-linear regime were obtained in [29] (in all even d > 4)
following the pioneering work of [30] (in d = 4) 6. Global results which establish (i)–(iii)
for small but non-linear perturbations of Minkowski are [5] (in d = 4) and [6] (for all even
d > 4).
6These results indicate that in d > 4, more stringent conditions can be imposed than expressed by
(i)-(iii). We will see that these conditions are actually a consequence, see Thm. (6).
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In this paper, we will simply assume (i)–(iii). It is then always possible to choose the
conformal factor Ω in such a way such that the metric g has “conformal Gaussian null
form” near I +. By definition, this means that
g =
1
Ω2
{
2du(dΩ− Ω2αdu− ΩβAdzA) + γABdzAdzB
}
=
1
Ω2
g˜ , (3)
where α, β, γ can be viewed as tensor fields Σ that smoothly depend on Ω, u, and where
zA are local coordinates on Σ.
The name arises first of all because the unphysical metric g˜ is in Gaussian null form7.
Geometrically these coordinates have the following properties. On I +, n˜ = ∂/∂u is
tangent to affinely parameterized null geodesics ruling I + relative to g˜. The coordinates
zA are defined first on a cross-section, Σ(u0), corresponding to the constant value u0 of
the coordinate u, and then they are transported to all of I + along n˜. The vector field
l˜ = ∂/∂Ω is another affinely parameterized (relative to g˜) null vector field transverse to
I + which is normalized so that g˜(n˜, l˜) = 1, and such that it is orthogonal to the cross
sections Σ(u) on I +. The coordinates (u, zA) are then transported to a sufficiently small
neighborhood of I + by transport along l˜. The term “conformal” refers to the key point
that Ω is not only an affine parameter of null geodesics of g˜, but also coincides with the
conformal factor.
If we define
r =
1
Ω
, (4)
we get from (3) a “Bondi-type”8 coordinate system:
g = −2du(dr + αdu+ rβAdzA) + r2γABdzAdzB , (5)
and this is just another way to state our asymptotic conditions. The coordinate vector
field ∂/∂r defined by the system (r, u, zA) is easily checked to be tangent to affinely
parameterized null geodesics relative to g. This fact is ultimately responsible for the
preferred geometrical status of our coordinate system.
For d-dimensional Minkowski spacetime (M = Rd, g = η), we have Σ ∼= Sd−2, (u, r, zA)
are given by u = t− r, r = |x|, zA = angles, and in fact
η = −2du(dr + 1
2
du) + r2sABdz
AdzB (6)
where here and in the rest of the paper sAB denotes the unit radius round sphere metric.
For Schwarzschild, u = t− r∗ with r∗ given by the tortoise coordinate.
7Gaussian null coordinates were introduced in [31].
8Note that this coordinate system actually differs from what is normally called “Bondi gauge”, al-
though it has obvious similarities. See, e.g., [32].
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It can be readily seen that the remaining freedom in specifying a conformal Gaussian
null coordinate system is as follows: We can make a different choice of the initial cross
section Σ(u0); we can change the affine coordinate u on I
+ by an affine transformation
for each null generator of I +; we can similarly apply a suitable “angle-dependent” affine
transformation of the parameter r consistent with the requirement g(∂/∂u, ∂/∂r) = 1 on
I +; we can apply a diffeomorphisms to the points z in Σ(u0). Thus our freedom consist
of:
1. Changing r 7→ r + S(u, z),
2. Changing u 7→ eω(z)u on I + and making corresponding changes to r, zA,
3. Changing u 7→ u+ T (z) on I + and making corresponding changes to r, zA,
4. Applying a diffeomorphism to points z ∈ Σ(u0).
It is easy to see that by choosing ∂uS in the transformation of type 1) suitably, we can
set α to a constant on I +, which we assume has been done. For convenience, we assume
that the constant is α = 1/2 on I +, as in Minkowski spacetime (6). Thus, the remaining
transformations of type 1) are ones where S does not depend on u.
A transformation of type 2) changes the induced metric γAB on Σ by the conformal
factor e2ω. In d = 4, one typically assumes that, topologically Σ ∼= S2, for otherwise one
could clearly not say that the metric is asymptotically Minkowskian. We can then turn
γAB into the metric sAB on the unit round sphere on I
+ for one particular cross-section of
I +, say Σ(u = 0). In higher dimensions, we assume as a strengthening of our asymptotic
conditions:
(iv) (Σ, γAB) is conformal to an Einstein space for some value of u (we do not have to
do this, but then it seems impossible to define Bondi mass, news etc., see [33]). In
fact, we will assume that this Einstein space is a unit round sphere (Sd−2, sAB)
9.
Einstein’s equations then imply [33] that γAB is equal to sAB on I
+ for any value of u.
Thus, we have fixed the first two ambiguities.
The ambiguity of type 3) corresponds to the choice of the cross section distinguished
by u = u0, i.e. a change in the cross section. This corresponds to BMS supertranslations.
The last ambiguity type 4) is cut down because we have already demanded that, on
I +, γAB is the metric of the round sphere, sAB. So we are left with diffeomorphisms
that are conformal transformations of this round sphere (group O(d− 1, 1)), and then we
must combine such a diffeomorphism with a transformation of type 2) to compensate the
conformal factor.
9Einstein’s equation relate the value of α on I + to the scalar curvature of γAB on I
+. We have
anticipated this relation in our choice for the normalization.
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Summarizing our discussion, we can say that the remaining diffeomorphisms of the
metric respecting our gauge choices near I + are generated by linear combinations of the
following vector fields X defined in a neighborhood of I +:
(I) Vector fields
X = S(z)
∂
∂r
+ . . . , (7)
where S is an arbitrary smooth function on Sd−2.
(IIa) Vector fields
X = T (z)
(
∂
∂u
− ∂
∂r
)
− 1
r
sABDBT (z)
∂
∂zA
+ . . . , (8)
where T is any smooth function on Sd−2 orthogonal to the l = 0, 1 spherical har-
monics. These X are precisely the “BMS supertranslations”.
(IIb) Vector fields X of the form (8), where T is a linear combination of l = 1 spherical
harmonics on Sd−2. Such T satisfy
DADBT = −sABT. (9)
TheseX correspond to infinitesimal spatial translations of the underlying “Minkowski
spacetime” given by eq. (6).
(IIc) The vector field
X =
∂
∂u
+ . . . . (10)
This X corresponds to an infinitesimal time translation.
(III) Vector fields
X = C(z)
[
u
(
∂
∂u
− ∂
∂r
)
− r ∂
∂r
]
− sABDBC(z) ∂
∂zA
+ . . . , (11)
where C is an l = 1 spherical harmonic–implying that sABDBC = ξ
A is a conformal
Killing vector field of Sd−2. These X correspond to infinitesimal Lorentz boosts.
(IV) Vector fields of the form
X = ξA
∂
∂zA
+ . . . , (12)
where ξA is an isometry of Sd−2. These X correspond to infinitesimal rotations.
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In all cases the dots . . . stand for a vector field that vanishes on I + together with its
first and second derivative (relative to an arbitrary derivative operator on M˜ such as ∇˜).
This vector field is uniquely determined in each case by the requirement that £Xg satis-
fies the “linearized form” of our gauge conditions (5), i.e. has vanishing (ru), (rA), (rr)
components. Thus the parts of X indicated by dots depend in general on g (but happen
to vanish for η), but the leading terms displayed in (IIa,b,c)–(IV) manifestly do not.
The vector field of type (I) is to be viewed as a “gauge transformation”, since it
vanishes on I +. The others (IIa,b,c)–(IV) generate the Lie algebra of the “asymptotic
symmetry group”, which is called the BMS group. More precisely, the BMS Lie algebra
is isomorphic to
bmsd =
span{X ∈ (IIa,b,c),(III),(IV)}
{Xvanishing to second order at I +} . (13)
The vector fields (IIa,b,c) correspond to an infinite-dimensional abelian normal Lie sub
algebra, td, and the quotient bmsd/td ∼= so(d− 1, 1) is the Lorentz-Lie algebra. It can be
identified (non-canonically) with the Lie sub algebra corresponding to the vector fields
(III),(IV). An asymptotic symmetry φ generated by one of these vector fields acts on the
cross sections ∼= Sd−2 of I + as a conformal transformation, called φˆ, so φˆ∗sAB = e2ωsAB.
For an asymptotic boost with velocity parameter v [see footnote 10 below], the action
and conformal factor are concretely:
φˆ : z 7→ z
√
1− v2 + v[(v · z)/(1 +√1− v2)− 1]
1− v · z , ω(z) = log
√
1− v2
1− v · z , (14)
where here and in the following, points z in Sd−2 are identified with unit vectors z ∈ Rd−1.
If X ∈ td is a vector field corresponding to an infinitesimal symmetry of type (IIa,b,c)
with function T (z), then the element Xˆ = φ∗X ∈ td conjugate under φ corresponds to
Tˆ (z) = e−ω(z)T (φˆ(z)).
Later we will see that for d > 4, it is possible to impose more stringent conditions on
the metric, which will imply that the true asymptotic symmetry algebra is reduced to the
Poincare´ Lie algebra pd = so(d−1, 1)⋉Rd which is the Lie sub-algebra of bmsd excluding
supertranslations (IIa).
In the following two sections, we analyze systematically the consequences of the vac-
uum Einstein equation Ricg = 0 near I
+. It is convenient to make the Taylor expansions
γAB ∼
∑
n≥0
γ
(n)
AB r
−n , βA ∼
∑
n≥0
β
(n)
A r
−n , α ∼
∑
n≥0
α(n) r−n (15)
where ∼ indicates that these expansions might not be convergent. Each of the “coeffi-
cients” γ
(n)
AB, β
(n)
A , α
(n) is a tensor field on Sd−2 depending on u. Einstein’s equations then
give relationships between the coefficients. For instance, we have, in any even dimension
d ≥ 4
γ
(0)
AB = sAB , α
(0) = 1/2 , β
(0)
A = 0 . (16)
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The first two conditions are in fact, as already discussed, consequences of our asymp-
totic conditions/gauge choices, but the last one is one such consequence of the Einstein
equations [33]. These zeroth-order relations serve as “initial conditions” to constrain the
subsequent orders via Einstein’s equations. In fact, these consequences where worked out
in general dimension already in [33]. These will be recalled in sec. 4. We first restrict
attention to stationary metrics, where more stringent conclusions can be drawn.
3 Stationary Metrics
We ask what we additionally learn from Einstein’s equations Ricg = 0 near I
+ if we
demand that g is stationary in a neighborhood of I +. By this we mean that there exists
a Killing field K,
£Kg = 0 , (17)
with time-like orbits near I +. Any Killing field is a forteriori an asymptotic symmetry
of the metric, so it must be given by a linear combination of the vector fields X in items
(I)-(IV). Since K is time-like near infinity, the boost- (III) and rotation- (IV) parts must
be absent, so
K =
∂
∂u
+ T (z)
(
∂
∂u
− ∂
∂r
)
− 1
r
sABDBT (z)
∂
∂zA
+ S(z)
∂
∂r
+ . . . (18)
up to an overall positive constant. Here dots represent a vector field whose derivatives up
to second order vanish at I +, and T must satisfy |T (z)| < 1, again since K is timelike
near I +. Without loss of generality, we can assume that T is orthogonal to the constant
function on Sd−2. We now wish to argue that K is actually a linear combination of
a time-translation and a spatial translation, i.e. that T is a linear combination of the
(d − 1) l = 1 spherical harmonics on Sd−2, and S = 0. We start by writing out Killing’s
equation (17) in CGNCs. We find from the (AB), (Au), (uu)-components respectively
0 = (1 + T )∂uγ
(1)
AB − 2(DADB + sAB)T + 2sABS ,
0 = (1 + T )∂uβ
(1)
A +DAS ,
0 = (1 + T )∂uα
(1) .
(19)
The other components of Killing’s equation do not give further information but determine
the higher order terms represented by dots in our formula of K. To make progress, we
must also use Einstein’s equations. The analysis is rather different in d = 4 respectively
higher even dimensions, so we treat both cases separately.
Dimension d > 4 (and even):
Using our “initial conditions” (16), the (AB) components of Einstein’s equations give
0 = (d− 4)∂uγ(1)AB + sAB∂uγ(1) , (20)
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where here and in the following, γ(1) = sABγ
(1)
AB. This immediately gives ∂uγ
(1)
AB = 0. The
(rA) components of Einstein’s equations give
0 = D[Aγ
(1)A
B] + (d− 3)β(1)B , (21)
implying ∂uβ
(1)
A = 0, too. The second equation in (19) then gives DAS = 0, so S must be
constant. The trace of the first equation in (19) furthermore gives (d− 2)S = (DCDC +
d − 2)T . Since T is orthogonal to the constant function on Sd−2, it follows that S = 0,
and then it follows that T is a linear combination of l = 1 spherical harmonics, as desired.
Dimension d = 4:
In this case, (20) only allows us to conclude that ∂uγ
(1) = 0, which using the first equation
in (19) gives us S = 1
2
(DCDC + 2)T . From the third equation in (19) we get ∂uα
(1) = 0,
since |T (z)| < 1. The first two equations in (19) become
0 = (1 + T )∂uγ
(1)
AB − 2(DADB − 12sABDCDC)T ,
0 = (1 + T )∂uβ
(1)
A +
1
2
DA(D
CDC + 2)T .
(22)
Taking a u-derivative of (21) furthermore gives
∂uβ
(1)
A = −
1
2
DB∂uγ
(1)
AB , (23)
and applying DB to the first equation in (22), and then substituting the second equation
in (22) in order to eliminate ∂uβ
(1)
A then also gives (∂uγ
(1)
AB)D
BT = 0. Since T does not
depend on u, the first equation in (22) also gives ∂2uγ
(1)
AB = 0. We next combine this
information with the (uu) and (ru) components of Einstein’s equation (see (69)), which
yields
DA∂uβ
(1)
A = 0 . (24)
Taking DA of the second equation in (22) and using (24) gives the first equation in
0 = (DAT )∂uβ
(1)
A +
1
2
DBDB(DAD
A + 2)T
0 = (DAT )∂uβ
(1)
A − 12(DADBT )∂uγ(1)AB ,
(25)
while the second equation is obtained by taking DA of (∂uγ
(1)
AB)D
BT = 0 and using (23).
Subtracting the second equation from the first, using the first equation in (22) to eliminate
∂uγ
(1)
AB, and integrating the result over S
2 gives∫
S2
(DADBT )DADBT − 12(DADAT )2
1 + T
= −1
2
∫
S2
DBDB(DAD
A + 2)T = 0 . (26)
Now let AAB = D
ADBT . This is a self-adjoint map in the tangent space of each point of
S2 (with respect to the inner product sAB), and so has two real eigenvalues λ1, λ2. In terms
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of the eigenvalues, the integrand on the left side becomes 1
2
(λ1 − λ2)2/(1 + T ), whereas
the right side vanishes by Gauss’ theorem. Since |T (z)| < 1, we therefore conclude that
λ1 = λ2, so D
ADBT = λ1δ
A
B for some function λ1. Lowering the index A it follows that
DADBT =
1
2
sABD
CDCT , meaning that T must be an l = 1 spherical harmonic, and then
S has to vanish. This concludes the argument in d = 4.
If we want, we can identify points on Sd−2 with unit vectors z in Rd−1, and then we can
write T (z) = v · z. Since |T (z)| < 1, we must have |v| < 1. Thus, K must be an ordinary
asymptotic infinitesimal translation into a time-like direction. Let φ be the unique (near
I +) asymptotic boost with velocity parameter −v 10. Then φ∗K ∝ ∂/∂u , at I +, which
is a Killing field for φ∗g. For convenience of notation, we now denote φ∗K, φ∗g again by
K, g. Then we can say that
K =
∂
∂u
(27)
at I +. We claim that this formula must hold not only at I + but in a full neighborhood.
This can be seen as follows. Let ψt be the 1-parameter group of diffeomorphisms generated
by K. By construction, it acts on points of I + by u 7→ u + t, z 7→ z. Since each ψt
is an isometry of g, it follows that it preserves affinely parameterized geodesics. So it
must act on r by an affine transformation and leave zA invariant off I +, i.e. we can
say that points labelled by (u, r, zA) get mapped to points labelled by (u + t, eωt(z,u)r +
St(z, u), z
A) for sufficiently small r. This action is incompatible with the form of our
asymptotic symmetries (I)-(IV) unless St = ωt = 0, and it then follows immediately that
the formula (27) holds in a neighborhood of I +. Hence, since K is Killing for g, we
conclude that the expansion coefficients of g satisfy
∂uγ
(n)
AB = ∂uβ
(n)
A = ∂uα
(n) = 0 (28)
for all n ≥ 0. We summarize our findings so far in a lemma:
Lemma 1. Let (M , g) be an asymptotically flat spacetime presented in CGN gauge (5),
with Killing field K that is timelike near I +. Then there exists a unique diffeomorphism
φ defined near I + which is an asymptotic boost and preserves the CGN gauge, such that
the expansion coefficients (15) of φ∗g are all independent of u, and such that φ∗K = ∂/∂u
near I +.
We next use the information provided by the lemma in Einstein’s equation. Again we
denote φ∗g by g to simplify our notation. First, we consider Einstein’s equations at order
10The boost is explicitly
Λ =
( 1√
1−v2
−v√
1−v2
−v√
1−v2 I + v
−2
(
1√
1−v2 − 1
)
v ⊗ v
)
,
and it acts on (t,x), where t = r + u and x = rz.
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n = 0 in (15), using (28). We find from the (AB)-components
0 =− 4(d− 4)α(1)sAB + 2(d− 4)D(Aβ(1)B) + 2sABDCβ(1)C
+ (d− 2)γ(1)AB − sABγ(1) −DCDCγ(1)AB + 2D(ADCγ(1)B)C −DADBγ(1) ,
(29)
from (uA)-components
0 = 2(d− 5)DAα(1) −DC(DAβ(1)C −DCβ(1)A ) , (30)
and from the (ru)-component
0 = −2(d− 4)α(1) . (31)
In order to evaluate the consequences of these equations, the following lemma [34] will be
rather useful:
Lemma 2. Any smooth 1-form field vA on S
d−2 can be decomposed uniquely as
vA = VA +DAS , (32)
where VA is a divergence free 1-form field, D
AVA = 0. We refer to S as the “scalar part”
and VA as the “vector part”. Any smooth symmetric rank-2 tensor field tAB on S
d−2 can
be decomposed uniquely as
tAB = TAB +D(AWB) + (DADB − 1d−2sABDCDC)T + 1d−2sABU , (33)
where TAB is trace-free and divergence free, 0 = D
ATAB = sABT
AB, and where WA is
divergence free. We refer to TAB as the “tensor part”, WA as the “vector part” and
(T, U = sABtAB) as the “scalar part”.
Some special things happen in low dimension. On S2, the tensor part necessarily
vanishes, as there are no divergence free, trace free symmetric rank two tensors. Fur-
thermore, the vector part may always be written as VA = ǫABD
BV for some function V .
Furthermore, when d > 4, the scalar, vector, and tensor parts on Sd−2 form inequivalent,
irreducible representation spaces of the group SO(d− 1). The spectrum of the Laplacian
−DADA consists of the eigenvalues shown in table 1.
As a consequence of the uniqueness of the decomposition, and the inequivalence of
the representations, in d > 4, any SO(d − 1) invariant partial differential operator, such
as the Laplacian, leaves the scalar, vector, and tensor subspaces invariant. By contrast,
on S2 (i.e. for d = 4), there is no tensor part, and the vector and scalar parts form
equivalent representations of SO(3). As representations of O(3), they are inequivalent
and correspond to “parity even” (polar) and “parity odd” (axial) scalar fields on S2.
Armed with this information, we can now easily understand the consequences of
eqs. (29)-(31). Because there is a difference between the case d = 4 and the cases d > 4
and even, we look at each of them separately.
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Tensor type Spectrum
scalar {l(l + d− 3) : l = 0, 1, 2, . . . }
vector {l(l + d− 3)− 1 : l = 1, 2, 3, . . . }
tensor {l(l + d− 3)− 2 : l = 2, 3, 4, . . . }
Table 1: Spectrum of Laplacian −DADA on Sd−2.
Dimension d > 4 (and even):
Eq. (31) clearly gives α(1) = 0. Next, we split β
(1)
A = VA+DAS into a scalar and a vector
part. Eq. (30) does not give any constraint on the scalar part, and gives DCDCVA =
(d − 3)VA for the vector part. Given the spectrum of the Laplacian in the vector case,
this equation only has the trivial solution VA = 0. We next decompose eq. (29) and γ
(1)
AB
into its scalar, vector, and tensor part. These equations decouple since the differential
operators are clearly O(d − 1)-invariant. For the tensor part, TAB, of γ(1)AB we infer that
DCDCTAB = (d − 2)TAB. Given the spectrum of the Laplacian in the tensor case, this
equation only has the trivial solution. Thus, the tensor part of γ
(1)
AB vanishes. Next, for
the vector part WA, of γ
(1)
AB we get 2(d− 4)D(AWB) = 0, so there is no vector part either.
Taking a trace of (29), we learn for the scalar part (T, U) of γ
(1)
AB that
DADA
{
U − (DBDB + d− 2)T − 2(d− 2)S
}
= 0 , (34)
where S is the scalar part of β
(1)
A . It follows that the expression in curly bracket is constant,
which we can absorb in a constant shift of S. Thus, all in all we learn that eqs. (29)-(31)
are satisfied if and only if
γ
(1)
AB = (DADB + sAB)T + 2SsAB , β
(1)
A = DAS , α
(1) = 0 , (35)
where S, T are arbitrary smooth functions on Sd−2. Furthermore, it is checked that, at this
order, all other components of Einstein’s equation are also satisfied by these expressions.
Dimension d = 4:
Eq. (31) gives no constraints on α(1). We next consider eq. (30). On S2, the decomposition
into scalar and vector parts is β
(1)
A = DAS + ǫABD
BV . We consider this decomposition
in (30). S drops out of the equation right away, and taking a divergence, V drops out, too.
We are left with DCDCα
(1) = 0, which implies that α(1) ≡ c is a constant. Once this is
known, we learn that DAD
CDCV = 0, hence that D
CDCV is a constant. Integrating this
term over S2 and applying Gauss’ theorem shows that the constant in fact vanishes, so V
must be constant and we learn that β
(1)
A has no vector part. Consideration of the vector
part of (21) shows that the vector part WA of γ
(1)
AB obeys D
AD(AWB) = 0. Multiplying
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with WB, integrating over S2 and integrating by parts gives D(AWB) = 0, so γ
(1)
AB has no
vector part. The rest of the argument is unchanged compared to the case d > 4, because
α(1) drops out of (29) (except that γ
(1)
AB cannot have a tensor part on S
2 in the first place).
Thus, all in all we learn that eqs. (29)-(31) are satisfied iff
γ
(1)
AB = (DADB + sAB)T + 2SsAB , β
(1)
A = DAS , α
(1) = c , (36)
where S, T are arbitrary smooth functions on S2, and where c is a constant. Furthermore,
it is checked again that all other components of Einstein’s equation are satisfied by these
expressions.
We note that γ
(1)
AB, β
(1)
A in eq. (35) are “pure gauge”, and in fact correspond precisely
to transformations of the type (I) and (IIa) in the above list with the same function S and
T as in (35) resp. (36) up to the trivial change T → −2T . Furthermore, since the vector
fields X of type (I) and (II) commute with K, we arrive at the following conclusion:
Lemma 3. There exists a diffeomorphism ψ of M that is an asymptotic symmetry and
preserves the CGN gauge (5) generated by a linear combination of the vector fields X in
case (I) and (IIa) such that the expansion coefficients (15) of ψ∗g have γ
(1)
AB = β
(1)
A = 0.
In d > 4 we have additionally α(1) = 0, and in d = 4, α(1) = c is constant. Furthermore,
ψ∗K = ∂/∂u.
This finishes our analysis in d = 4, but in d > 4, we can go further and derive con-
straints on higher expansion orders (15) which we will do now. To simplify the discussion,
we can thus pass from g to ψ∗g, which we will do for the rest of this section. We denote
this new metric again by g to simplify the notation. We claim that we have
γ
(n)
AB = 0 , β
(n)
A = 0 , α
(n) = 0 , (37)
where 1 ≤ n ≤ d− 3 in the first two equations and 1 ≤ n < d− 3 in the last expression,
while α(d−3) = c is a constant. To prove this, we proceed by induction. The case n = 1
is already settled on account of the previous lemma. Let the statement thus be assumed
to be true up to and including order n. Then, at order n + 1, we get from the (AB)
components of Einstein’s equations
0 =− 4(d− 4− n)α(n+1)sAB + 2(d− 4− n)D(Aβ(n+1)B) + 2sABDCβ(n+1)C
+ [n2 + (d− 7)n+ d− 2]γ(n+1)AB + (n− 1)sABγ(n+1)
−DCDCγ(n+1)AB + 2D(ADCγ(n+1)B)C −DADBγ(n+1) ,
(38)
from the (uA) components
0 =2(d− 5− n)DAα(n+1) −DC(DAβ(n+1)C −DCβ(n+1)A )
− n(d− 5− n)β(n+1)A ,
(39)
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from the (uu) component
0 = DADAα
(n+1) − (n + 1)(d− 4− n)α(n+1) , (40)
from the (rr) component
0 = −n(n + 1)γ(n+1) , (41)
and from the (rA) components
0 = [n(d− 4) + 2(d− 3)]β(n+1)A + (n + 1)DBγ(n+1)AB − (n + 1)DAγ(n+1) . (42)
Again we analyze these equations by decomposing the tensors according to lemma 2.
From (40), we get α(n+1) = 0 as long as n < d − 4 using the spectrum of the Laplacian
on scalars, whereas for n = d− 4, we get α(d−3) ≡ c, where c is a constant. From (39) we
then learn that the scalar part, S, of β
(n+1)
A vanishes as long as d− 4 ≥ n 6= d− 5. Again
from (30), the vector part VA of β
(n+1)
A must satisfy
−DCDCVA = [n2 − (d− 5)n− (d− 3)]VA . (43)
Using the spectrum of the Laplacian on vectors, we see that this equation does not have
non-trivial solutions for n ≤ d − 4, so the vector part vanishes in this range. The tensor
part of (38) implies that the tensor part TAB of γ
(n+1)
AB satisfies
−DCDCTAB = −[n2 + (d− 7)n+ d− 2]TAB . (44)
Using the spectrum of the Laplacian on tensors we see that this equation has no non-
trivial solutions for n ≤ d−4. Therefore, γ(n+1)AB has no tensor part for n ≤ d−4. We next
consider the vector part of (38) and use that the vector part of β
(n+1)
A is already known
to vanish in this range. The vector part WA of γ
(n+1)
AB is then seen to obey
[n2 + (d− 7)n+ d− 4]D(AWB) = 0 , (45)
and it follows that γ
(n+1)
AB has no vector part in this range either. By (41), the scalar
part(s) (T, U) of γ
(n+1)
AB must satisfy U = 0. Inserting this into (42) then relates T to the
scalar part S of β
(n+1)
A in the following way:
0 = DA
{
(d− 2)[(d− 4)n+ 2(d− 3)]S + (d− 3)(n+ 1)[DCDC + d− 2]T
}
. (46)
When n 6= d − 5, we already know that S = 0, so it follows that (DBDB + d − 2)T is
constant, which is possible only when T itself is a constant or an l = 1 spherical harmonic.
But then it follows in view of U = 0 that also the scalar part of γ
(n+1)
AB must vanish. For
n = d− 5, we may use another relation between S and T from the trace of (38), namely
0 = DCDC
{
(d− 2)(2d− n− 6)S + (d− 3)[DADA + d− 2]T
}
. (47)
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Taking DA in (46) and n = d− 5, it follows at this order that (d− 2)(d− 5)DCDCS = 0,
hence that S is constant. But then it also follows that DBDB[D
ADA + d − 2]T = 0,
meaning that T is a linear combination of l = 0 and l = 1 spherical harmonics. Thus,
neither T nor S makes a contribution to the scalar parts of β
(n+1)
A respectively γ
(n+1)
AB also
when n = d− 5. This closes the induction loop.
We summarize our findings in this section as follows.
Theorem 4. Let (M , g) be an asymptotically flat spacetime of even dimension d ≥ 4
satisfying (i)–(iv), presented in CGN gauge (5), with Killing field K that is timelike near
I +. Then there exist unique diffeomorphisms φ and ψ defined near I + which preserve
the CGN gauge such that
1. φ is generated by an asymptotic boost vector field of type (III),
2. ψ is generated by a linear combination of a supertranslation vector field of type (IIa)
and a gauge transformation of type (I),
3. In all dimensions d ≥ 4, the expansion coefficients (15) of φ∗ψ∗g satisfy
γ
(0)
AB = sAB , γ
(d−3)
AB = 0 , α
(0) = 1/2 , α(d−3) = c , β
(0)
A = β
(d−3)
A = 0 , (48)
where c is a constant.
In d > 4 and even, the expansion coefficients (15) of φ∗ψ∗g satisfy additionally
for all 1 ≤ n ≤ d− 4,
γ
(n)
AB = 0 , β
(n)
A = 0 , α
(n) = 0 . (49)
4. φ∗ψ∗K = ∂/∂u near I +.
It follows immediately from this theorem and the definition of the Bondi energy EB
and Bondi linear momentum PB (see (59)-(61) below) that for the boosted metric φ
∗ψ∗g
we have (EB,PB) = (MB, 0), where
MB =
vol(Sd−2)
4π
c (= c in d = 4) . (50)
Indeed, we know that α(d−3) for the boosted metric is equal to c, whereas all other co-
efficient tensors of the boosted metric appearing in the integrand (59) of the Bondi en-
ergy/momentum vanish. The Bondi energy/momentum of the original metric g are then
obtained by reversing the action of the asymptotic boost φ. Hence, if the asymptotic
boost has velocity parameter v [see footnote 10], we conclude that the original metric g
has Bondi energy resp. momentum
EB =
MB√
1− v2 , PB =
MBv√
1− v2 , (51)
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with MB related to c as in (50). Of course, we may also read this as an equation for v for
given (EB,PB).
Next we recall that the boost φ with velocity parameter v acts as a conformal trans-
formation φˆ on the “celestial sphere” Sd−2 (i.e. the cut of I + parameterized by unit
vectors z) in our conformal Gaussian coordinated system acting by (14). For the CGNCs
(u, r, zA) we have that
φ∗r = e−ωr +O(ur0) , φ∗u = eωu+O(u2r−1) , φ∗zA = φˆ∗zA +O(ur−1) (52)
and we can use this information to go from ψ∗φ∗g with coefficients characterized by the
previous theorem, back to g. Exploiting (51) to express v by (EB,PB), we immediately
get after a short calculation:
Lemma 5. Let (M , g) be a stationary solution to the Einstein vacuum equations near
I +. Then the expansion coefficient (15) α(d−3) for g must be given by
α(d−3) = ce(d−1)ω =
4π
vol(Sd−2)
MdB
(EB −PB · z)d−1 , (53)
where (EB,PB) is the Bondi energy-momentum of (M , g), and MB =
√
E2B − |PB|2 the
Bondi mass.
4 Asymptotic Expansion of Non-stationary Metrics
We now contrast the asymptotic expansion of the metric found in stationary case (Thm. 4)
with that in the non-stationary case. As before, we assume that (M , g) is asymptotically
flat. To avoid awkward issues coming from the precise behavior of the metric near spa-
tial infinity, it is convenient to assume, additionally, that the metric is stationary in a
neighborhood of spatial infinity. Thus we assume in addition to (i)–(iv):
(v) There exists a u0 such that (M , g) is stationary (with Killing field K) in a neigh-
borhood of I + for u-values u < u0.
As already briefly discussed in the Introduction, this new assumption is reasonable be-
cause, due to the Corvino-Schoen gluing constructions [1], [2], one can always glue any
portion of initial data to an asymptotic end that is exactly equal to a Kerr or Myers-
Perry solution near spatial infinity. The evolved metric will then be stationary at I +
at early times. Thus, this assumption does not exclude any initial conditions that one
might wish to consider in the interior of the spacetime. However, it should be noted that
this assumption does exclude the sort of initial conditions that are normally considered
in scattering theory where matter comes in from infinity at asymptotically early times11.
11We will consider such particle scattering initial conditions in the context of linearized gravity in [24],
where it will be shown that the memory effect is absent for d > 4 in this case as well.
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For the portion of I + corresponding to u < u0, we can then apply the conclusions
of Thm. 4, because the proof of that theorem was entirely local. Therefore, we get
an asymptotic boost φ and an asymptotic supertranslation ψ such that the expansion
coefficients of ψ∗φ∗g described in the theorem vanish up to order d − 3, and such that
ψ∗φ∗K = ∂/∂u for u < u0. To the metric ψ
∗φ∗g, we can therefore further apply Lemma 8
of [33] in order to determine the form of the expansion coefficients in the non-stationary
part u ≥ u0. The conclusions are as follows:
Theorem 6. Let (M , g) be an asymptotically flat spacetime of even dimension d ≥ 4
satisfying (i)–(v), presented in CGN gauge (5). Then there exist unique diffeomorphisms
φ and ψ defined near I + which preserve the CGN gauge such that
1. φ is generated by an asymptotic boost vector field of type (III),
2. ψ is generated by a linear combination of a supertranslation vector field of type (IIa)
and a gauge transformation of type (I),
3. For d > 4 and even, the expansion coefficients (15) of φ∗ψ∗g satisfy for any
1 ≤ n ≤ (d− 4)/2:
0 = α(n) , 0 = β
(n)
A , 0 = γ
(n)
AB , (54)
as well as
γ
(0)
AB = sAB , α
(0) = 1/2 , β
(0)
A = 0 . (55)
Furthermore, for 1 ≤ n ≤ d − 3 in the first, and for 1 ≤ n ≤ d − 4 in the second
equation:
β
(n)
A = −
n
(n + 1)(d− 2− n)D
Bγ
(n)
AB ,
α(n) =
n− 1
2n(d− 3− n)D
Aβ
(n)
A ,
(56)
and for 1 ≤ n ≤ d− 3
γ(n) ≡ sABγ(n)AB = 0 . (57)
4. For d = 4, the expansion coefficients of φ∗ψ∗g satisfy
γ
(0)
AB = sAB , α
(0) = 1/2 , β
(0)
A = 0 , ∂uγ
(1) = 0 , β
(1)
A = −
1
2
DBγ
(1)
AB . (58)
Using this result, one can determine how the conserved quantities associated with
the asymptotic symmetries (II)–(IV) are related to the expansion coefficients (15). Here
we only recall the situation for “ordinary” infinitesimal translations parameterized by a
vector field X as in cases (IIb,c), respectively. Define the “mass aspect” by
µ = (d− 2)
[
α(d−3) − 1
8(d− 3)γ
(d/2−1)AB∂uγ
(d/2−1)
AB
]
. (59)
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Then the Hamiltonian (generator) of an infinitesimal translational symmetry in class
(IIb,c) is given by [33]
HX(u) = 1
8π
∫
Sd−2(u)
T · µ√sdd−2z . (60)
where Sd−2(u) is a cut of I + at the value u of the affine parameter, and where T = 1
for time translations (IIc), whereas T (z) = a · z for spatial translations in the direction a
(IIb).
This formula for the Hamiltonian generator holds for all even d ≥ 4. For d = 4, there
is also a generator conjugate to supertranslations (IIa). It is given by simply taking T
to be a function on S2 orthogonal to the l = 0, 1 spherical harmonics, see class (IIa). In
even d > 4 there is no Hamiltonian generator conjugate to the BMS supertranslations, as
follows from the analysis of [8]. This is closely related to the fact that these generators
are not to be viewed as symmetries on the phase space of general relativity in d > 4, as
we will discuss further at the end of section 6 below.
The generators have the following interpretation:
HX(u) =
{
EB(u) Bondi energy for X in case (IIc),
a ·PB(u) Bondi linear momentum for X in case (IIb), (T (z) = z · a).
(61)
For the stationary case, this interpretation can be confirmed by an explicit computation
using lemma 5 and thm. 4 in the expression (59). The “flux” formula is, in all12 cases
(IIb,c)
HX
∣∣∣∣∣
u1
u0
= − 1
32π
∫ u1
u0
(∫
Sd−2(u)
TNABNAB
√
sdd−2z
)
du , (62)
where the news tensor is
NAB = −∂uγ(d/2−1)AB . (63)
An invariant formula for HX in d = 4 was given first by Geroch [28], and the relationship
to the Hamiltonian framework was later clarified in [35] and [36], see also [37]. In higher
dimensions, an invariant formula for HX was derived in [8] (using the framework of [35]).
That the above expression (61) for µ is equivalent to the invariant formulas can be seen
using Thm. 6, see [33] for details13.
12In d = 4, there is also a flux formula for supertranslation charges, case (IIa). The flux is now
− 1
32pi
∫ u1
u0
(∫
S2(u)
NAB(NAB + 2DADB)T
√
sd2z
)
du .
The formula follows from the identity given below eq. (70).
13In that reference, only the case T = const., i.e. case (IIc) was treated explicitly. But the result easily
generalize to the other cases, including to supertranslations in d = 4
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We also note that we always have the positive energy theorem EB ≥ |PB|, see [38, 39,
40, 41] in d = 4 and [33] in d > 4. In d > 4 the constructions are more complicated since
e.g. α(d−3) is not the leading order expansion coefficient.
5 BMS Symmetry and Memory
5.1 Relation between metrics before and after a radiation burst
Comparing the stationary situation described by Thm. 4 and the non-stationary (“radiat-
ing”) situation described by Thm. 6, we can now explain in detail the crucial qualitative
difference between d = 4 and higher d > 4. This difference is perhaps appreciated best
if we consider a solution which is stationary near I + for early times u < u0 as we have
been assuming, and becomes stationary again at late times14 u > u1. By Thm. 6, the
order at which gravitational radiation occurs, i.e. where the expansion coefficients (15)
can be time-dependent, is n = d/2− 1.
Now, by Thm. 4, we can find an asymptotic boost and an asymptotic supertranslation,
denoted collectively f0, such that the expansion coefficients (15) of f
∗
0 g vanish up to
order n ≤ d/2 − 1 for u < u0, i.e. before the “radiation epoch”. Similarly, after the
radiation epoch, i.e. for u > u1, we can again find an asymptotic boost and an asymptotic
supertranslation, denoted collectively f1, such that the expansion coefficients of f
∗
1 g vanish
up to order n ≤ d/2−1. So far, there is no difference between d = 4 and d > 4. However,
we now claim:
Lemma 7. 1. In even d > 4, it is true that f0 = f1, so the expansion coefficients (15)
of g for u < u0 agree with those for u > u1 up to any n ≤ d/2−1. In particular, we
can apply a single supertranslation boost f such that f ∗g has vanishing non-trivial
expansion coefficients (15) up to order n ≤ d/2− 1 for u > u1 and u < u0.
2. In d = 4, we have f0 6= f1 in general, so, in general, the expansion coefficients (15)
of g at order n = d/2 − 1 = 1 for u < u0 and u > u1 disagree. f = f0 ◦ f−11 is
the product f = φ ◦ ψ of an asymptotic boost φ (III), and a combination ψ of an
asymptotic BMS supertranslation (IIa) and a gauge transformation (I) such that
the expansion coefficients of g before u0 agree with those of f
∗g after u1 up to order
n = 1 (up to a change in α(1) as in lemma 5).
3. In d = 4, let T : S2 → R be the parameter of the BMS supertranslation ψ relating the
metrics before and after the radiation epochs in 2). Then we have for the expansion
14The assumption that the spacetime becomes exactly stationary again at a finite time u1 is, of course,
an idealization, i.e., one should consider the limit u1 →∞.
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coefficients of g:
γ
(1)
AB
∣∣∣∣∣
u>u1
u<u0
= 2
(
DADBT − 1
2
sABD
CDCT
)
,
β
(1)
A
∣∣∣∣∣
u>u1
u<u0
= −1
2
DA
(
DBDBT + 2T
)
,
α(1)
∣∣∣∣∣
u>u1
u<u0
=
1
4
DADA(D
BDB + 2)T + 4πF
(64)
where F ≤ 0 is the flux of gravitational radiation per angle z ∈ S2, defined by
F(z) = − 1
32π
∫ u1
u0
NABN
AB(u, z) du , (65)
in terms of the Bondi news tensor NAB.
Proof: 1) For stationary metrics, having applied f0 resp. f1, we learn from Thm. 4
that all non-trivial expansion coefficients of f ∗0 g resp. f
∗
1 g vanish up to order n < d − 3
and u < u0 resp. u > u1. This gives, for instance
γ
(1)
AB
∣∣∣∣∣
u<u0
= −2(DADB + sAB)T0 + 2sABS0 ,
γ
(1)
AB
∣∣∣∣∣
u>u1
= −2(DADB + sAB)T1 + 2sABS1 ,
(66)
for the expansion coefficients of g, where Ti, Si : S
d−2 → R are the parameters of the
transformations fi generated by the vector fields of type (I) or (II). However, we also
learn from Thm. 6 that all non-trivial expansion coefficients of f ∗0 g and f
∗
1 g vanish up to
order n < d/2−1 for all u. Since for d > 4 it is obviously true that d/2−1 > 1, it follows
in those dimensions that T1 = T0 and S1 = S0.
2) On the other hand, in d = 4, we have d/2 − 1 = d − 3 = 1, so this conclusion cannot
be drawn. Instead in general we only learn that f = f0 ◦ f−11 is the product of the
transformations claimed in 2). The rest of the statements follows again from Thm. 4 and
lemma 5.
3) Even in d = 4, we still know that the trace γ(1) is independent of u by (58), so the
difference (64) has vanishing trace, which allows us to determine S = S0 − S1 in terms
of T = T0 − T1 giving S = 12(DADA + 2)T . The first relation in (64) then follows from
Thm. 4 and the fact that a BMS supertranslation generated by X as in (IIa) shifts γ
(1)
AB
precisely by −2(DADB + sAB)T . The second relation in (64) follows from the first one
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e.g. from the last relation in (58). To prove the last relation in (64), we first consider at
order r−2 the (rr) component of Einstein’s equation
γ(2) = −1
4
γ
(1)
ABγ
(1)AB , (67)
as well as the (uu) component
0 =− ∂2uγ(2) − ∂2uγ(1)ABγ(1)AB −
1
2
∂uγ
(1)
AB∂uγ
(1)AB
+ 4∂uα
(1) + 2DA∂uβ
(1)
A .
(68)
Eliminating γ(2) gives
0 = −1
2
∂2uγ
(1)
ABγ
(1)AB + 4∂uα
(1) + 2DA∂uβ
(1)
A . (69)
Substituting the last equation in (58) to eliminate DAβ
(1)
A next gives
DADB∂uγ
(1)
AB = ∂u
(
4α(1) − 1
2
∂uγ
(1)
ABγ
(1)AB
)
+
1
2
∂uγ
(1)
AB∂uγ
(1)AB . (70)
[Note that this equation can also be written as ∂uµ = −14(NAB + 2DADB)NAB, which is
equivalent to the mass loss formula in d = 4.] Now we integrate this equation from u0 to
u1 and use the first equation in (64) as well as ∂uγ
(1) = 0, to give
α
(1)
AB
∣∣∣∣∣
u>u1
u<u0
=
1
4
DADA(D
BDB + 2)T − 1
8
∫ u1
u0
∂uγ
(1)
AB∂uγ
(1)AB du . (71)
This immediately gives the last equation in (64) after substituting the definition of the
Bondi news tensor, NAB = −∂uγ(1)AB and of F .
The next proposition gives the relation between the BMS supertranslation parameter
T relating the “BMS-frames” before and after the radiation, the Bondi 4-momentum be-
fore and after the radiation, and the total flux per angle F(z) defined by (65). Using the
standard relationship between l = 0, 1, . . . spherical harmonics on S2, degree l homoge-
neous harmonic polynomials on R3, and rank l totally symmetric, trace-free tensors on
R
3, we can write
F(z) =
∞∑
l=0
F (l)i1...ilzi1 · · · zil , (72)
where each F (l)i1...il is a totally symmetric, trace-free rank l tensor on R3. We substitute
this relation into the last item of lemma 7, we use lemma 5 to substitute α(1), we use the
formula
1
2
DCDC(D
BDB+2)
(
(EB−PB ·z) log(EB−PB ·z)
)
=
M4B
(EB −PB · z)3−EB−3PB , (73)
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and we note that 4πF(z) − (EB + 3PB · z)|u1u0 has no l = 0, 1 spherical harmonic con-
tribution. (The last claim can be proven by applying the mass loss formula (62) to an
arbitrary combination T of l = 0, 1 spherical harmonics.) If we finally note the identity
DADA(D
CDC + 2) = (L − 1)L(L + 1)(L + 2), where L is the total angular momentum
operator on S2, then we get:
Proposition 8. In d = 4, the BMS supertranslation parameter T : S2 → R relating the
metrics before and after the radiation epochs is given by
T (z) =2(EB −PB · z) log(EB −PB · z)
∣∣∣∣
u1
u0
− 16π
∞∑
l=2
1∏4
s=1(l − 2 + s)
F (l)i1...ilzi1 · · · zil ,
(74)
where F(z) is the flux per angle z ∈ S2, see (65), F (l)i1...il are its l-th multi-pole mo-
ments (72) and (EB,PB)(ui) is the Bondi 4-momentum before and after the radiation
epoch.
Remark: The supertranslation T encodes “information” about the flux of gravitational
radiation emitted between the stationary eras u < u0 and u > u1. However, this informa-
tion is not locally measurable by observers with access only to the late time stationary
era u > u1, i.e., to determine T one would need access to the preferred stationary frames
of theorem 4 in both the early time era u < u0 and the late time era u > u1.
5.2 Absence of a Memory Effect in d > 4
Our conclusions expressed in lemma 7 can be stated more physically and geometrically
by saying that: 1) in d > 4 there is no “memory effect,” and 2) in d = 4 the gravitational
memory of a distribution of test masses can be characterized by a BMS supertranslation.
To study the influence of a time-dependent gravitational field on test-masses, we study
as usual the geodesic deviation equation
(τa∇a)2ξb = −Racdbτaτdξc , (75)
where τ is a vector field that is tangent to a congruence of time like geodesics, and ξ is the
deviation vector field, see e.g. sec. 3.4 of [27]. We are interested in a congruence in the
asymptotic region, which is, to leading order, given by an asymptotic time-like translation,
i.e. a time-like linear combination of vector fields of type (IIb,c). For simplicity, we first
consider the case (IIc), so we can say that τ = ∂/∂u + O(r−2). The relevant Riemann
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tensor components are then those with two u indices, which using thm. 6, are found to be
RuAuB = −1
2
r3−d/2 ∂2uγ
(d/2−1)
AB +O(r
2−d/2) ,
RuruA = O(r
1−d/2) ,
Rurur = O(r
−1−d/2) ,
(76)
near I +. We can use these relations to integrate the geodesic deviation equation twice.
This process basically removes the two derivatives in the first equation, whereas the second
and third equations are telling us that the other Riemann components are sub leading.
Altogether, we find:
ξ
∣∣∣∣∣
u>u1
u<u0
= r−d/2+1∆(ξ)
∣∣∣∣∣
u<u0
+O(r−d/2) , (77)
where the linear map ∆ is the “memory-” or “displacement tensor”, given by15
∆ ≡ −1
2
sACγ
(d/2−1)
CB
∂
∂xA
⊗ dxB
∣∣∣∣∣
u>u1
u<u0
. (78)
By lemma 7, the right side is given by −1/2 times the first equation (64) in d = 4 and by
zero in d > 4. We thus arrive at the following conclusion:
Proposition 9. The displacement tensor for a congruence of time-like geodesics with
tangent τ = ∂/∂u + . . . near I + is given by ∆ = ∆AB∂A ⊗ dxB, where
∆AB =
{
−(DADBT − 12sABDCDCT ) for d = 4,
0 for d > 4.
(79)
where T : S2 → R is the parameter of the asymptotic BMS supertranslation relating the
metrics before and after the radiation epoch.
In case we have a general time-like congruence, denoted τˆ , in the asymptotic region can
be dealt with essentially by applying an asymptotic boost [see footnote 10] to the previous
steps. More precisely, let φ by an asymptotic boost with velocity parameter v chosen so
that τˆ = φ∗τ , where τ = ∂/∂u + . . . . Due to general covariance, the displacement tensor
calculated for τˆ and metric g is equal to the pull back via φ∗ of the displacement tensor
∆ˆ calculated for τ and gˆ = φ−1∗g. On the other hand, ∆ˆ is given by the same formula
as in the previous proposition, except that T is replaced by the corresponding Tˆ for gˆ,
which in turn is given by Tˆ = e−ωφ−1T ◦ φˆ−1, where φˆ is the conformal transformation of
15Note that ∆ has a well-defined restriction to I +.
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S2 induced by φ, and eωφ the corresponding conformal factor, see (14). Applying φ∗, and
using ωφ−1 = −ωφ ◦ φˆ−1, we learn that the displacement tensor ∆AB for τˆ and g is given
by the same formula as (79), except that T is replaced by
T (z)→ T (z)
√
1− v2
1− v · z , (80)
where v is the speed of τˆ in the spatial direction.
6 Summary
Let us close by summarizing the reasons why there are no BMS supertranslations in d > 4.
1. In an asymptotically flat spacetime (M , g) of even dimension d ≥ 4 that is stationary
near spatial infinity (i.e. for u < u0), we can find an asymptotic boost and an
asymptotic BMS supertranslation such that the metric has vanishing non-trivial
expansion coefficients (15) up to order n ≤ d/2− 1 for u < u0. In d > 4, the same
statement is then automatically true for any later stationary epoch. For d = 4, this
statement is false and the order n = d/2 − 1 = 1 coefficients are non-zero. They
are however pure gauge and in fact correspond to a “pure BMS supertranslation”,
parameterized by a non-trivial function T on S2.
2. This function T is a “potential” of the displacement tensor in the memory effect
by Prop. 9 in d = 4, so in this sense we could in principle “measure” the BMS
supertranslation by a comparison of the relative displacement of test particles at
early and late times. In d > 4, the displacement tensor is zero, i.e. there is no
gravitational memory at the order where tidal effects due to gravitational radiation
become visible. (Of course, geodesics would be subject to relative displacements
resulting from ordinary tidal effects. However, such tidal effects occur at subleading
1/r-order compared to the ones caused by gravitation radiation.)
3. In dimension d > 4, we can thus impose as a reasonable gauge condition that,
for spacetimes which are stationary near spatial infinity (i.e. for u < u0), the
metric has vanishing non-trivial expansion coefficients (15) up to order n ≤ d/2− 1
for u < u0. The remaining asymptotic symmetries then correspond to ordinary
asymptotic Poincare symmetries. By item 1), this is not natural in d = 4.
4. In d = 4, we can find Hamiltonian generators conjugate to asymptotic BMS sym-
metries. By the analysis of [8, 35], the same is not possible in d > 4. Indeed, it
was argued that in those papers that, in order to define a charge conjugate to an
infinitesimal gauge transformation, there should at the very least be a finite flux of
symplectic current at I +, where the symplectic current is defined by [35]
ja = gabcdef(δ1gbc∇dδ2gef − (1↔ 2)) (81)
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for a pair of two solutions of the linearized Einstein equations. By assumption, they
should satisfy the linearized asymptotic flatness conditions, and then thereby also
the linearized version of Thm. 6. However, one easily sees that the symplectic flux
across I + is then infinite in d > 4, unless we assume that we are in the special gauge
characterized by eq. (54) of that theorem. But imposing this gauge by construction
precisely removes the “supertranslation gauge mode” so we are no longer able to
define generators conjugate to asymptotic BMS supertranslations X (IIa).
Acknowledgements: S.H. thanks P. Chrusciel for explanations about the gluing the-
orems in higher dimensions. R.M.W. wishes to thank Leipzig University for hospitality.
The research of R.M.W. was supported by NSF grant PHY 15-05124 to the Univer-
sity of Chicago. The work of A.I. was supported in part by JSPS KAKENHI Grants
No. 15K05092 and No. 26400280.
References
[1] J. Corvino and R. M. Schoen, “On the asymptotics for the vacuum Einstein constraint
equations,” J.Diff.Geom. 73 (2006) no.2, 185-217 [gr-qc/0301071].
[2] P.T. Chrusciel and E. Delay, “On mapping properties of the general relativistic con-
straints operator in weighted function spaces, with applications,” Mem. Soc. Math.
France 94, 1 (2003). [gr-qc/0301073].
[3] S. Hollands and A. Ishibashi, “Instabilities of extremal rotating black holes in higher
dimensions,” Commun. Math. Phys. 339, no. 3, 949 (2015). doi: 10.1007/s00220-015-
2410-0 [arXiv:1408.0801].
[4] P. Chrusciel, private communication.
[5] D. Christodoulou and S. Klainerman, The global nonlinear stability of the Minkowski
space. Princeton Math.Series 41. Princeton University Press. Princeton. NJ. (1993).
[6] Y. Choquet-Bruhat, P. T. Chrusciel and J. Loizelet, “Global solutions of the Einstein-
Maxwell equations in higher dimensions,” Class. Quant. Grav. 23, 7383 (2006).
doi:10.1088/0264-9381/23/24/011 [gr-qc/0608108].
[7] R. P. Geroch and B. C. Xanthopoulos, “Asymptotic simplicity is stable,” J. Math.
Phys. 19, 714 (1978). doi:10.1063/1.523716
[8] S. Hollands and A. Ishibashi, “Asymptotic flatness and Bondi energy in higher di-
mensional gravity,” J. Math. Phys. 46, 022503 (2005). doi:10.1063/1.1829152 [gr-
qc/0304054].
28
[9] H. Bondi, M.G.J. van der Burg and A.W.K. Metzner, Proc. R. Soc. A 269 21 (1962).
doi: 10.1098/rspa.1962.0161
[10] R. Penrose, “Asymptotic properties of fields and space-times,” Phys. Rev. Lett. 10,
66-68 (1963). doi:10.1103/PhysRevLett.10.66
[11] S. Hollands and R. M. Wald, “Conformal null infinity does not exist for radiat-
ing solutions in odd spacetime dimensions,” Class. Quant. Grav. 21, 5139 (2004).
doi:10.1088/0264-9381/21/22/008 [gr-qc/0407014].
[12] K. Tanabe, N. Tanahashi, T. Shiromizu, “On asymptotic structure at null infinity in
five dimensions,” J. Math. Phys 51, 062502 (2009). doi:10.1063/1.3429580
[13] K. Tanabe, S. Kinoshita, T. Shiromizu, “Asymptotic flatness at null
infinity in arbitrary dimensions,” Phys. Rev. D 84, 04405539 (2011).
doi:10.1103/PhysRevD.84.044055
[14] Eanna E. Flanagan, talk given at Cornell, http://www.astro.cornell.edu/ flana-
gan/talks/BMS.pdf
[15] Ya.B. Zel’dovich and A.G. Polnarev, Sov. Astron. 18, 17 (1974).
[16] V.B. Braginsky, L.P. Grishchuk. Zh. Eksp. Teor. Fiz. 89, 744. (1985). [Sov.Phys.
JETP 62, 427. (1986)].
[17] V.B. Braginsky, K.S. Thorne. Nature (London) 327, 123. (1987).
[18] D. Christodoulou, “Nonlinear nature of gravitation and gravitational wave experi-
ments,” Phys. Rev. Lett. 67, 1486 (1991). doi:10.1103/PhysRevLett.67.1486
[19] A. G. Wiseman and C. M. Will, “Christodoulou’s nonlinear gravitational wave mem-
ory: Evaluation in the quadrupole approximation,” Phys. Rev. D 44, no. 10, R2945
(1991). doi:10.1103/PhysRevD.44.R2945
[20] K. S. Thorne, “Gravitational-wave bursts with memory: The Christodoulou effect,”
Phys. Rev. D 45, no. 2, 520 (1992). doi:10.1103/PhysRevD.45.520
[21] L. Bieri and D. Garfinkle, “Perturbative and gauge invariant treatment
of gravitational wave memory,” Phys. Rev. D 89, no. 8, 084039 (2014).
doi:10.1103/PhysRevD.89.084039
[22] A. Tolish, L. Bieri, D. Garfinkle and R. M. Wald, “Examination of a simple ex-
ample of gravitational wave memory,” Phys. Rev. D 90, no. 4, 044060 (2014).
doi:10.1103/PhysRevD.90.044060 [arXiv:1405.6396 [gr-qc]].
29
[23] L. Bieri, D. Garfinkle and S. T. Yau, “Gravitational Waves and Their Memory in
General Relativity,” arXiv:1505.05213 [gr-qc].
[24] D. Garfinkle, S. Hollands, A. Ishibashi, A. Tolish, and R.M. Wald, in preparation.
[25] A. Strominger and A. Zhiboedov, “Gravitational Memory, BMS Supertransla-
tions and Soft Theorems,” JHEP 1601, 086 (2016). doi:10.1007/JHEP01(2016)086
[arXiv:1411.5745 [hep-th]].
[26] D. Kapec, V. Lysov, S. Pasterski and A. Strominger, “Higher-Dimensional Super-
translations and Weinberg’s Soft Graviton Theorem,” arXiv:1502.07644 [gr-qc].
[27] R.M. Wald, “General Relativity,” University of Chicago Press (1984)
[28] R. P. Geroch, “Asymptotic structure of space-time,” In “Asymptotic Structure of
Space-Time” ed E P Esposito and L Witten (Plenum, New York, 1977)
[29] M. T. Anderson and P. T. Chrusciel, “Asymptotically simple solutions of the vacuum
Einstein equations in even dimensions,” Commun. Math. Phys. 260, 557 (2005). [gr-
qc/0412020].
[30] H. Friedrich, Conformal Einstein evolution, Proceedings of the Tu?bingen Work- shop
on the Conformal Structure of Space-times, H. Friedrich and J. Frauendi- ener, Eds.,
Springer Lecture Notes in Physics 604, 1?50 (2002). gr-qc/0209018.
[31] R. Penrose, “Techniques of Differential Topology in Relativity” Regional Conference
Series in Applied Math. 7, SIAM, Philadelphia (1972).
[32] A. Ishibashi, “Higher Dimensional Bondi Energy with a Globally Specified Back-
ground Structure,” Class. Quant. Grav. 25, 165004 (2008). doi:10.1088/0264-
9381/25/16/165004 [arXiv:0712.4348].
[33] S. Hollands and A. Thorne, “Bondi mass cannot become negative in higher dimen-
sions,” Commun. Math. Phys. 333 (2015) no.2, 1037. doi:10.1007/s00220-014-2096-8
[arXiv:1307.1603 [gr-qc]].
[34] A. Ishibashi and R. M. Wald, “Dynamics in nonglobally hyperbolic static space-times.
3. Anti-de Sitter space-time,” Class. Quant. Grav. 21, 2981 (2004). doi:10.1088/0264-
9381/21/12/012 [hep-th/0402184].
[35] R. M. Wald and A. Zoupas, “A General definition of ’conserved quantities’ in
general relativity and other theories of gravity,” Phys. Rev. D 61, 084027 (2000).
doi:10.1103/PhysRevD.61.084027 [gr-qc/9911095].
30
[36] A. Ashtekar and M. Streubel, “Symplectic Geometry of Radiative Modes and
Conserved Quantities at Null Infinity,” Proc. Roy. Soc. Lond. A 376, 585 (1981).
doi:10.1098/rspa.1981.0109
[37] T. Dray and M. Streubel, “Angular momentum at null infinity,” Class. Quant. Grav.
1, no. 1, 15 (1984). doi:10.1088/0264-9381/1/1/005
[38] G. T. Horowitz and M. J. Perry, “Gravitational Energy Cannot Become Negative,”
Phys. Rev. Lett. 48, 371 (1982).
[39] R. Schoen and S. -T. Yau, “Proof That The Bondi Mass Is Positive,” Phys. Rev.
Lett. 48, 369 (1982).
[40] M. Ludvigsen and J. A. G. Vickers, “The Positivity Of The Bondi Mass,” J. Phys.
A 14, L389 (1981).
[41] P. T. Chrusciel, J. Jezierski and S. Leski, “The Trautman–Bondi mass of initial data
sets,” Adv. Theor. Math. Phys. 8, 83 (2004). [gr-qc/0307109].
